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Fig. 4 Loss factors and natural frequencies for cantilever beam using
the fourth- and sixth-order theories and the Johnson-Kienholz-
Rodgers and Holman-Tanner finite elements.

(7.00-in.) long by 12.7-mm (0.50-in.) wide cantilever beam
with 1.27-mm (0.050-in.) thick aluminum face sheets and a
0.127-mm (0.005-in.) thick core was used in the analysis. The
dimensions of this beam were those of the standard test
specimen used to obtain material properties of viscoelastics by
controlled vibration. The core's loss factor was held constant
at 0.01 and its shear modulus was varied through a wide range
of values.

The results are presented in Fig. 4 for the first two can-
tilever modes obtained from the fourth-order theory of Ross
et al.,1 the sixth-order theory of Rao,2 and twenty element
NASTRAN models, using the Johnson-Kienholz-Rodgers3

and the Holman-Tanner4 finite elements. The results are
given for the modal loss factor ??, normalized with respect to
the core loss factor rj2, and the natural frequency. The sixth-
order theory and the NASTRAN results are in excellent
agreement, while those for the fourth-order theory differ
somewhat, as was expected in view of the assumptions used in
its derivation.
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the capability both to input a general stiffness matrix and to
use the modal strain energy method. MSC/NASTRAN5 has
been used in this investigation. The model is generated in the
conventional manner. More nodes provide the additional
degrees-of-freedom required by these elements. These nodes
coincide with the conventional element nodes, and their
unused degrees-of-freedom are restrained. The .required
MSC/NASTRAN bulk data cards for these elements are
created using a preprocessor. The input for this preprocessor
is 1) connectivity cards identical to the CBAR and CQUAD4
cards, 2) property cards similar to the PBAR and PQUAD
cards, and 3) GRID cards for the conventional element nodes.
The output of this preprocessor is 1) the GENEL cards for the
face sheet,and core stiffness matrices, 2) the CONM2 cards
for the lumped mass matrices, 3) the GRID cards for the
locations of the additional nodes, and 4) the SPC cards for the
restraints on the additional nodes.

The modal strain energy method can be used to efficiently
solve this problem.3 First, a standard modal extraction is
executed and, then, the elastic strain energy in each element
for each mode is calculated. Unfortunately, MSC/
NASTRAN computes the strain energy in all elements except
the GENEL element; nevertheless, MSC/NASTRAN's direct
matrix abstraction programming (DMAP) capability can be
used to compute the GENEL strain energies. The modal loss
factors are then computed using Eq. (1). Finally, the modal
loss factors are input via a damping vs frequency table for
subsequent forced response calculations.

Results
To evaluate the accuracy of the finite element represen-

tation, a series of calculations was performed using both the
finite element model and the analytical theory. A 178-mm
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Introduction

THE complex problem of predicting buckling loads for
axially compressed cylindrical shells has defied any

completely adequate explanation. Traditionally, the
discrepancy between the classical load and the vast amount of
experimental data available (e.g., as summarized by Hart-
Smith1) has been attributed to end conditions and defects.
The defects may be due to geometrical, metallurgical, or
loading inconsistencies. However, very thin, expertly made
shells (e.g., those of Babcock and Sechler2) collapse at loads
substantially less than those predicted when end constraints
are taken into account. A plausible explanation for this
discrepancy is offered in terms of the space frame analogy for
axial compression buckling previously developed by the
author.3"5
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Space Frame Analogy
The buckling mode for cylindrical shells loaded in axial

compression consists of a series of dimples. Yoshimura6

showed that this mode was an almost developable surface
which could be approximated by a series of flat triangular
facets. When a model of the Yoshimura buckle pattern is
examined it is readily apparent that the structure is capable of
withstanding a substantial load. Also, that load cannot be
carried over the entire facet. For equilibrium it is necessary
that a stress concentration exists near the fold lines of the
Yoshimura pattern and in the direction of the fold line. Thus,
the load carrying portion of the Yoshimura pattern can be
represented by a space frame as illustrated in Fig. 1. In this
model there are diagonally oriented compression members
and (for equilibrium) tangential members which are in ten-
sion. The members are angle members with the flanges of the
angles located in the planes of the facets. The members are
essentially pin ended and have an effective width W which is
dependent on the stress distribution in the facet.

The space frame analogy relies on examining the buckling
behavior of a space frame representing the cylinder. The size
of the facets in the equivalent Yoshimura pattern is taken as
the size of the controlling defect in the buckling cylinder. The
buckling load is calculated as the load to collapse one of the
diagonal compression members of the frame.

Buckling Process
Tennyson7 has demonstrated by high-speed photography of

isoclinic fringes in high quality epoxy shells that axisymmetric
rings can occur at the point of collapse. Embedded in the rings
were small fringes which were apparently due to the for-
mation of dimples. These dimples eventually interacted to
become the well known Yoshimura pattern. The small
dimples could in themselves be considered to behave in the
same manner as shape defects. If the space frame analogy is
applied with facets of the same size as the dimples then the
large discrepancy between theory and experiment for
cylinders with very high radius to thickness ratios disappears.

Perfect cylinders loaded completely axisymmetrically may
not show the dimples mentioned in the.preceding paragraph.
However, in actual test situations, some inconsistency in
loading inevitably exists. These inconsistencies can be ex-
pressed as a combination of various mode shapes and the
amplitude of each of the modes will increase until the
deflections due to the most significant mode become large
enough for the structure to collapse. The situation is further
compounded in that when nonlinearities are present,
deformations in one mode may promote the formation of
another mode which in turn causes the collapse. This con-
dition appears to be the case in very thin cylinders. Initially,
the axisymmetric mode forms and the deformations
associated with this mode promote dimples which spread to
form the Yoshimura pattern. The size of the dimples is such
that the length of a facet is half the wavelength of the
axisymmetric deformation. In very thin cylinders collapse of a
Yoshimura buckle pattern of this size occurs at a load less
than that required to collapse the cylinder axisymmetrically.

From previous work the aspect ratio of the facets in the
Yoshimura pattern can be given by

\=L2/L1 = 1.606- 0.121&i(R/T) (1)

where LI is the circumferential length of the triangular facets
in the buckle pattern, L2 the axial developed length of the
facet, R shell radius, and Tthe shell thickness.

Now, because the dimples occupy the space between the
axisymmetric rings, their overall length (2L2) can be given by
the critical length of the classical buckling mode.

2L2 = 2ir(RT)I/<
[12(l-v2)\

Fig. 1 Space frame representation.
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Fig. 2 Comparison of predictions with experimental evidence.

When Eq. (1) is substituted in Eq. (2) we find that the
circumferential length of dimples is given by

Ll=2irR/N

ir(RT)1/2

[12(l-v2)}l/4{L606-OJ21^(R/T)} (3)

From Eq. (3) the number of circumferential dimples (TV)
can be established and the space frame analogy can be used to
predict the buckling load of near perfect shells.

The buckling load of the diagonal member (PI, tension
positive) previously has been shown to be given by the relation

tan ( [ JL22 + (LI/2)2 }{-Pl/ (El) } ]l/212}

(2)

(4)

In Eq. (4), Eis Young's modulus, /the moment of inertia'
of the buckling member [Eq. (5)], and <t> the angle that the
tangential member subtends at the axis of the cylinder [Eq.
(6)].
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TW
1= —— [sm2(<l>/4){L22+(Ll/2)2}(W2-T2)/L22

6
(5)

(6)

From the work to date an effective width of flange of 21
times the thickness appears realistic.

The solution of Eq. (4) is multivalued. The lowest root,
(other than zero) corresponds to the fundamental buckling
mode of the diagonal member and provides an estimate of the
buckling load in that member. The total load on the cylinder
(P) is then obtained from equilibrium conditions [Eq. (7)].

P=2NP1
L22+(Ll/2)2 (7)

The load calculated from Eq. (7) using values of Ngiven by
Eq. (3) is plotted in Fig. 2 as a function of radius to thickness
ratio. Since the discussion in this Note is centered around high
quality shells where naturally occurring defects are very small
we would expect that the calculated buckling loads would not
be less than experimentally determined loads. Therefore, the
theoretical curve should approximate the upper limit of ex-
perimental data. Figure 2 illustrates good correlation between
the calculated values and the known experimental evidence
for R/T values greater than 1000. The experimental loads
never exceed the calculated values by more than 8% and
except for radius to thickness ratios in the vicinity of 4000 the
agreement is within about 3 %.

Discussion
The space frame analogy was developed on the assumption

that the ratio of effective width of flange of frame members to
shell thickness remained constant. This clearly could not be
the case in very small facets where the flanges could be
considered larger than the facets. Facets of the size given by
Eq. (2) are about the size where the flanges almost completely
cover the entire facet (i.e., the calculations are made at about
the upper limit of applicability of the analogy). Additionally,
the aspect ratio relation quoted [Eq. (1)] was obtained from
measured data for post-buckled configurations with a con-
siderably smaller number of facets.

Even allowing for errors associated with the aspect ratio
and the effective width of flange it is apparent that for very
thin near perfect cylinders a substantial reduction in the
buckling load from the classical load is a certainty. The
reduction appears to be not just due to initial imperfections
but rather a deformation mode developed during loading.
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Introduction

VARIABLE-order finite element methods have an ad-
vantage over conventional finite element methods in that

additional degrees of freedom may be added to the model
without the need to generate a new element geometry. These
additional element degrees of freedom generally are not
physical displacements or rotations of some point at the
element boundary. Instead, they are typically generalized
coordinates associated with a set of polynomial shape func-
tions of a variable order higher than that of the conventional
polynominal shape functions used in defining the
displacement field of the element in terms of displacements
and rotations at the boundary. In some cases the variable-
order polynomials may be organized so that the correspond-
ing generalized coordinates may be displacements, rotations,
or derivatives of displacement of some set of points within the
element.

Previous papers1'2 indicate that, when elements are chosen
to be free of discontinuities in properties, for a given number
of degrees of freedom in the total structure, higher accuracy is
obtained using fewer elements with polynomials of higher
order. For the range of problems investigated in Ref. 1, there
are also corresponding improvements in computational ef-
fort. Results from the author's unpublished work in both
static and dynamic, linear and nonlinear, and conservative
and nonconservative problems indicate that the same trends
hold for a wide class of one-dimensional problems.

Although the shape functions in Ref. 1 lead to well-
conditioned element matrices for beams, the shape functions
presented therein lack certain computational advantages.

1) The element matrices that result from the shape func-
tions are not sparse.

2) The element matrices are not hierarchical; that is,
matrices that result from shape functions of a given order are
not submatrices of the ones obtained from shape functions of
a higher order. This is because all the shape functions change
each time the order is increased.

3) Since the variable-order shape functions contain
displacements and rotations at the boundary, the
corresponding generalized coordinates cannot be eliminated
from the global equations in a linear static problem. The
purpose of this Note is to present variable-order polynomial
shape functions that overcome these disadvantages.

In typical applications of finite element methods, the
unknown functions are expanded in a series of polynomials in
each element and certain relationships are enforced at the
element boundaries. For one-dimensional structures, the
relationships may be either between values of the functions
themselves or between values of the functions and first
derivatives of the functions. The shape functions for the
former are typically referred to as CO type shape functions
while the latter are Cl type. In this Note variable-order shape
functions of both types are presented.
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